Lorentz Symmetry in QFT on Quantum Bianchi I Space-Time 



(N 

o 

Q-i 

ov 



q 
o 

(N 



X 



Andrea Dapor/'Q Jcrzy Lewandowski, 1: and Yaser Tavakoli 2, [l 

1 Instytut Fizyki Teoretycznej, Uniwersytet Warszawski, ul. Hoza 69, 00-681 Warsaw, Poland 
2 Departamento de Fisica, Universidade da Beira Interior, 
Rua Marques d'Avila e Bolama, 6200 Covilha, Portugal 
(Dated: September 20, 2012) 

We develop the quantum theory of a scalar field on LQC Bianchi I geometry. In particular, by 
considering only the single modes of the field, the evolution equation is derived from the quantum 
scalar constraint; it is shown that the same equation can be obtained from QFT on a "classical" 
effective geometry. We then study the dependence of this effective space-time on the wave-vector 
of the modes (which could in principle generate a deformation in local Lorentz symmetry), by 
analyzing the dispersion relation for propagation of the test field on the resulting geometry. We 
show that when we disregard the back-reaction no Lorentz- violation is present, despite the effective 
metric being different than the classical Bianchi I one. Furthermore, a preliminary analysis of the 
correction due to inclusion of back-reaction is briefly discussed in the context of Born-Oppenheimer 
approximation. 



I. INTRODUCTION 

Quantum field theory (QFT) in curved space-time is a 
theory wherein matter is treated quantum-mechanically, 
but gravity is treated classically in agreement with gen- 
eral relativity 0, Q- Despite its classical treatment 
of gravity, QFT on curved space-time has provided a 
good approximate description in circumstances where the 
quantum effects of gravity do not play a dominant role. 
On the other hand, during the cosmological era arbitrar- 
ily close to the classical singularity, such effects cannot be 
neglected and the theory is no longer valid. This suggests 
that the background classical space-time in the Planck 
regime near the singularity has to be replaced by a quan- 
tum background j4[. 

Loop quantum cosmology (LQC) 0, Q has become in 
the last few years an interesting candidate for a quan- 
tum description of the early universe at the Planck scale, 
providing a number of concrete results. This approach, 
that comprises a family of symmetry-reduced cosmologi- 
cal models within the framework of Loop Quantum Grav- 
ity (LQG) was first fully applied to the spatially 
k = FRW cosmology coupled to a massless scalar field 
(that also serves as an internal time parameter [IoI - [f3 |). 
It was shown numerically that the big bang singularity is 
replaced by a quantum bounce, and that the energy den- 
sity is bounded by a critical density p cr ~ 0.41/9pi of the 
order of the Planck density (see also [T34I3)- Further- 
more, extensions of this quantization method were suc- 
cessfully exposed for k = models with or without cos- 
mological constant fl8l.[l9ll , k = 1 closed models 0, Hl[ , 
k = — 1 open models [221 ] , and for the simplest anisotropic 
cosmology (namely, Bianchi I (23|, Bianchi II [24]], and 
Bianchi IX [25[ models). 
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Discrete approaches to quantum gravity lead to a 
breakdown of the usual structure of space-time at around 
the Planck scale, with possible violations of Lorentz sym- 
metry. This can have phcnomenological implications, 
such as a deformation of the dispersion relations for prop- 
agating particles (modes of a matter field) [26l - |28j . These 
modifications would change the speed of propagation, in- 
troducing delays/advances for particles of different ener- 
gies. These can be in principle detected in experimental 
tests such as observation of gamma ray bursts (2(| . 

Of course, to study such effects in the framework of 
LQC, one needs to couple a quantum field to a LQC 
space-time: in other words, to develop QFT on LQC ge- 
ometry. From a field-theoretic perspective, LQC provides 
a family of well-defined quantum geometries on which 
quantum matter can propagate. The first step in the 
construction of QFT on such quantum geometries has 
been developed in for a real massless scalar field on 
k = FRW quantum space-time. Therein, a mode de- 
composition of the quantum fields was given, so that the 
field could be regarded as a collection of decoupled har- 
monic oscillators. This allows one to study each quantum 
mode separately, by ignoring the infinite number of de- 
grees of freedom of the field. In that work, it was shown 
that each mode of the field "sees" the underlying quan- 
tum geometry as an effective "classical" one. In principle, 
such effective geometry could depend on the wave-vector 
of the mode, thereby producing an (apparent) Lorentz- 
violation: different quanta would simply propagate on 
different space-times. It turns out that in the FRW case 
this effective metric is the same for all modes, and thus 
no Lorentz- violation is present. A possible explanation of 
this lies in the fact that FRW space-time is conformally 
flat, and therefore massless fields (such as the one used 
in |l|) do not distinguish it from Minkowski space-time. 
If this is the case, then a more significant test would be 
to consider more complicate space-times, such as Bianchi 
type I model. 

The purpose of this paper is to generalize the model of 
QFT on FRW cosmological space-time to the one of the 
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Bianchi I model, and analyze the issue of Lorentz symme- 
try in this context. In light of the Belinskii-Khalatnikov- 
Lifshitz (BKL) conjecture [3l|, HH, such space-times are 
the most interesting ones, since they are more likely to 
represent the cosmological dynamics in the Planck scale 
regime when the matter source (without any symmetry 
assumption) is a masslcss scalar field [33|. On the other 
hand, as already said above, it is hoped that anisotropy 
would lead to a wavc-vcctor-dcpcndcnt effective geome- 
try, thus producing a modification in the particles' dis- 
persion relation. 

The paper is organized as follows. We start in sec- 
tion |n] by briefly reviewing the LQC-like quantization of 
Bianchi I geometry. In section IIII1 we consider a test 
scalar field on this background Bianchi I space-time: in 
subsection IIII Al we summarize the essential features of 
QFT on a classical Bianchi I background geometry; in 
subsection IIII Bl we develop QFT on quantum Bianchi I 
space-time. In section HVl the dynamics of QFT on clas- 
sical and quantum backgrounds are compared, and an 
effective "classical" geometry is shown to emerge. In sec- 
tion [V] we investigate the possibility that quanta of field 
of different energies could in fact probe different effective 
geometries, i.e. different aspects of the underlying quan- 
tum geometry, possibly producing Lorcntz-violation. In 
particular, we compare the propagation of the test field 
on classical and effective geometries, derive the modified 
dispersion relation and study the status of causality. In 
section I VII we discuss the results and conclusions. Ap- 
pendix [X] complements our discussion on mode decom- 
positions of the test field, while appendix [B] probes the 
consistency of our findings under a different choice of 
physical time. 



II. BACKGROUND QUANTUM GEOMETRY 

In this section we present a brief summary of LQC of 
Bianchi I space-time. 



A. Classical Bianchi I space-time 

Let us consider the background space-time manifold M 
to be topologically M = M x T 3 , where T 3 is the 3-torus 
(whose coordinates x l range in (0,1)). As is standard 
in the literature on Bianchi models, we will restrict our- 
selves to the diagonal Bianchi I metric: 



g^dx^dx" = -dt 2 + J2 aj{t){dx l f 



(1) 



! = 1 



This choice of coordinates is not the most general: we 
have chosen the lapse function for the time coordinate t 
as N t = 1, and the shift vector Nf = 0. In LQG the 
canonical pair consists of the gravitational SU(2) con- 
nection and the densitized triad E l a , which for metric 



(fTJ) arc given by 

Ai = c%, E?= Pi 8?, (2) 

where Cj, p l are constants. Therefore, the phase space of 
gravity, r gr , is coordinatised by the canonical variables 
(c l ,j5j), satisfying the canonical Poisson algebra 

{c\ Pj } = SttGjS* , (3) 

with 7 the Immirzi parameter. The relations between the 
phase space variables pi and the scale factors <Zj are 

pi = a 2 a 3 , P2^a 3 ai, p 3 = aia 2 . (4) 

The matter source for this model will be a massless 
scalar field T, which will also serve as the relational time. 
Therefore, it is convenient to work with a harmonic time 
function r, i.e., satisfying Dt = 0. Since r is homo- 
geneous, the spatial part of this equation vanishes, and 
hence we get d 2 T/dt 2 = 0. Integrating this over the fidu- 
cial cell V, we get 



4 d 2 r f d 2 r f r, dr 
d x—TT = / dt—rr I d x = —V = const., 
dt 2 J dt 2 A, dt 



(5) 



where V is the volume of the fiducial cell V, which is 
given in terms of the gravitational variables as 



V 



|aia 2 a 3 | = y/\piP2P3\ ■ (6) 

For a choice of the integration constant being unit, we 
then get dt/dr = V. This object allows us to change the 
space-time coordinates from (t,x l ) to (r, x l ): the corre- 
sponding lapse function, N T , can be obtained using the 
relation N T dr = N t dt: 

N T = N-i-j- = V\PiP2Ps\ ■ (7) 
dr 

In terms of the new coordinates (r, x" 1 ), the Bianchi I 
metric (fT]) becomes then 



g ia/dx^ dx v 



-Nidr 2 



\piP2P3 | 



J2 a *(T)(dx*f 



-dr 2 +J2 



(dx l f 



(8) 



General relativity is a constrained theory, and in 
Ashtckar variables ([2|) the constraints comprise so-called 
Gauss constraint, vector constraint and scalar constraint. 
However, since we have restricted ourselves to diagonal 
homogeneous metrics and fixed the internal gauge, the 
Gauss and the vector constraints are identically satis- 
fied. The only non-trivial constraint (i.e., the homoge- 
neous part of the scalar constraint) can be expressed by 
restricting the integration in the full theory to the fiducial 
cell V: 

Cgr= / d 3 xN T C sr = -— i-j f d 3 x-^- 

Jv SllGY J v \PlP2P3\ 

X {p\P2C\C 2 +P2P3C2C3 +P3P1C3C1) 

:(PiP2CiC 2 +P2P3C2C3 +P3P1C3C1). (9) 



8irG r 
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On the other hand, the massless scalar field T and its 
conjugate momentum Pt coordinatise the phase space 
of matter, denoted by IV. The energy density for the 
massless scalar field is given by px = Pt/2V 2 , so the 
contribution of T to the scalar constraint can be obtained 
as 



Ct — 



pi 

d 3 xN T C T = -y- 



(10) 



where we used Ct = \/qpr- 

Putting together the two contributions (j9)) and (|T0|) . we 
obtain the total scalar constraint for the system (namely, 
the scalar constraint of the geometry, denoted by C geo ) 
as 



B. Quantum Bianchi I space-time 

The previous construction was preparatory for loop 
quantization, which we sketch now. The kinematical 
Hilbcrt space of Bianchi I model, "Hkin, is given as the 
tensor product of the Hilbcrt space W gr of the gravita- 
tional sector and the Hilbert space Ht- More precisely, 
the states in "H gr can be labeled by 3 real numbers, which 
are arranged in a vector A [23[ . The gravitational part of 
Cgoo is turned into a difference operator acting on H g r. 

On the other hand, the scalar field sector is quantized 
according to Schroedinger picture: the Hilbert space is 
%i = L,2(M.,dT), while the dynamical variables T and 
Pt are promoted to operators on it: 



c, 



goo 



C gr + Ct- 



(11) 



Physical states of the classical geometry lie on the con- 
straint surface defined on r gC o = IV x r gr by the equation 
Cgoo = 0. The r-evolution of any phase space function / 
is obtained by the Poisson brackets: 



(12) 



In particular, the r-evolutions of the scalar field T and 
and its conjugate momentum Pt read, 



— — {T, Cgoo} — Pt, 



dP 7 
~dr~ 



= {P T ,C gco } = 0. 



(13) 
(14) 



From equation (|14j) it is seen that the conjugate momen- 
tum Pt of the scalar field T is a constant of motion 
(which is chosen here to be positive), and hence equa- 
tion (|T3"1) describes a linear evolution of the scalar field T 
with respect to r: 



T 



P t t 



(15) 



for a vanishing integration constant. This equation im- 
plies that the phase space variable T is a good time pa- 
rameter for r-evolution of the system. In other words, 
although T docs not have the physical dimensions of 
time, it is a good evolution parameter; in LQC literature 
it is known as the relational time. Using the relation 
NxdT = N T dr in (|13p. we get an expression for the lapse 
function Nt- 



T = T. 



Pi 



-ih 



d_ 

"dT 



(18) 



Therefore, the kinematical Hilbert space of geometry is 
given by %kin = HT'&'Hgr- The scalar constraint operator 
Cgoo is well-defined on "Hkin and is given by 



~{h z d T ®l) --(I<8> 6) 



(19) 



where O is a difference operator on "H gr defined in [23j. 

Physical states of the quantum geometry arc those 
^ (T, A) G %kin lying in the kernel of C gco - In other 
words, they are solutions to equation 



(20) 



ft 2 0£tf o (r,A) = e# o (r,A) 



One can further restrict solutions of the equation (|20| to 
the space spanned by the "positive frequency" solutions, 
i.e., the solutions to 

-Wr* (T,X) = \Zief* (T, A) 

=:# * (T,A). (21) 

We will take this as our physical Hilbert space of geom- 
etry, H° hys , endowed with scalar product 



(*„K)= Yl *o(T ,A)*' (T ,A), 

Ai , A2 , A3 

where T Q is any "instant" of internal time T. 



(22) 



V\PlP2P3\ 

P T 



Thus, we can change coordinates from (r, x l ) to the phys- 
ical {T,x % ) one. Then, the metric (jSJ) becomes 



g^dx^dx" = \piP2P3\ 



(dx l ) 



(16) III. THE TEST QUANTUM FIELD 

This section is divided into two parts. In the first, for 
the convenience of the reader, we present a brief summary 
of the essential features of QFT on a classical Bianchi I 
background space-time. In the second, we consider the 

(17) case of a quantum Bianchi I background, as presented in 
the previous section. 
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A. QFT on classical Bianchi I background 

We consider the background space-time to be the clas- 
sical Bianchi I model (of section III A|) . equipped with 
the coordinates (xo,x J ), in which x° £ T 3 , with xq G K 
being a generic time coordinate. In this coordinates, the 
Bianchi I background space-time is described by the met- 
ric 



3 

g^dx^dx" = ~Nl Q {x )dxl + Y,at{xo){dx i y. (23) 

i=l 



Let us consider a real (inhomogencous) test scalar 
field 1 4>(xq, x) on this background space-time, whose La- 
grangian is 



(24) 



Performing the Lcgcndre transformation, one gets the 
canonically conjugate momentum for the test field </>, de- 
noted by 7T0, onaio = const slice. Then, for the pair 
(0, 7r^), the classical solutions of the equation of motion 
(coming from (|24[) ) can be expanded in Fourier modes: 



<f>(xo,x) = 

TT^Xq, x) 



kec 



1 



( 27r )3/2 Z_. fe 

kec 



ik-x 



(25) 



where (fci,fc 2 ,fc 3 ) € (2-7rZ) 3 span a 3-dimensional lattice 
£ (see appendix |A} . 

Using the Fourier transform (|2"5"|) in Poisson algebra of 
and it follows that the Fourier coefficients and 
7T£ satisfy {cf>^,TTp} = _t, and the reality conditions 



^k - 
(121: 



t and 7r^ = 7r_£. The Hamiltonian follows from 



H 4>( x o) = \j d 



N x 



\J\P\P2P3 
+ \piP2P3\m 2 (j) 2 ] 

[Vk 



^2(Pidi< 



N,. 



E 

keC 



1\J\P\P2P?\ - g 

■f ^(Pj/cj) 2 + \p\P2P3\ 



'k^k 



(26) 



In appendix [X] it is shown that, by a wise choice of 
variables, it is possible to rewrite (f26| as the Hamilto- 
nian for a collection of decoupled harmonic oscillators. 



1 This is to be considered a test field, so that it does not induce 
any back-reaction on the geometry, which can then be thought 
of as background geometry. 



Specifically wc obtain: 



kec 



2\J\piP2Pz\ 



E 

kec 



Pf + ( ^iPihf + \P1P2P3\ 



m )H 



. (27) 



where and pj; are the two conjugate variables asso- 
ciated with the k modes. Notice that, for each mode 
k, the term Hj:(xo) in equation (|27|l is nothing but the 
Hamiltonian of a single harmonic oscillator with a time- 
dependent mass/frequency 

In this paper we will focus on the dispersion relation 
of the quantum field (see section [Vj) , for which studying 
a single mode is sufficient. On the other hand, the 
quantization of the full system would require to take into 
account all modes. In particular, renormalisation of the 
UV limit is a crucial element of the definition of the QFT: 
without it, expressions such as equation (|27[) are entirely 
formal. Considering such an infinite-dimensional system 
is not at all straightforward, and leads to the whole topic 
of QFT in curved space-time. However, as long as one is 
interested only in a single mode (or a finite set), quan- 
tization is on the line of quantum harmonic oscillator: 
the Hilbert space is Hz = L2(M.,dq^), and the dynam- 
ical variables q^ and p^ are promoted to operators on 
it, %0(<7fe) = Qj&iQk) and H^ilk) = ~ ifl d/dq^(q^). 
Time evolution (with respect to generic xq) is generated 

by the time-dependent Hamiltonian operator HAxq) via 
Schrocdingcr equation: 



ihd Xo ip{x 0l q%) = H^(x )ip(x ,q^) 



N Xo (x ) 



"2\ / \Pl(xo)p2(xo)p 3 (xo)\ 



-\P1P2P3\m 2 ) qi ip(x ,qg). 



(28) 



This concludes the study of QFT on classical Bianchi 
I background. However, to consider QFT on quantum 
Bianchi I background, it is necessary to fix the choice 
of time in accordance with the previous section. In the 
x = t case, it is N T = ^/|p 1 p 2 p 3 |, and (|28|) reduces to 



ihd T i/>(r,q^) = iJ T ^(r)^(r,^) 
1 



Pk+^rM 



ip(x ,qj:), 



(29) 



where wc defined the (time-dependent) frequency 

3 

^2(pA) 2 + \pip2p3\m 2 . 



<k 



(30) 



for any k mode. 
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B. QFT on quantum Bianchi I background 

We consider a system of general relativity coupled to 
an homogeneous massless scalar field T, together with 
a massive and (in general) inhomogcneous test field <fi, 
propagating on the homogeneous background. The scalar 
constraint on the full phase space of the gravitational 
field, scalar field T and test field <j>, is expressed as 



C — C„ + Ct + Cfk- 



(31) 



Let us fix the time coordinate r with the lapse function 
N T = \/\piP2P3\ for the whole system. Then, the scalar 
constraint becomes 



(32) 



where C goo is given in equations (|1 1 \ and H^(t) is ob- 
tained from (l27l): 



(33) 



kec kec 
To pass to the quantum theory, let us focus just on 
a single mode k £ C. The total kincmatical Hilbcrt 
space for the system is given by the tensor product 

H^l = H gco ®L 2 (R, <%). Therefore, from the scalar 

constraint for the QFT (of a single mode k) on the quan- 
tum Bianchi I background is given by 

ft 2 



r.k 



c, 



goo 



H r 

r,k 



I Igr <g> IA 



1 



(It <8> 6 ® IA + (h 



Hk) 



(34) 



The Hamiltonian operator H g in equation (|34|) is given 
by 



^ r.k 




n 



(35) 



acting on the kincmatical Hilbert space "Hgr^'H^- Notice 
that, although pi are operators, they commute with each 
other and with matter operators, pj: and and so does 
the "frequency operator" (in round brackets). 

Physical states, 4 r (T, A, gg), are those ^ £ n^L tnat 
satisfy 



ft 2 c^(T,A,g s ) 



# 2 



2H r 

r.k 



*(T,\qA, (36) 



where H Q = yj©| as above. Since the operator J? 2 — 

2H T g on the right hand side of (|36|) is symmetric on 

we can restrict to its self-adjoint extension on a suitable 

domain 2 . On the physical Hilbert space, this operator is 



identified with P^, which is classically a positive Dirac 
observable; thus, we can consider just the positive part 
of the spectrum of H 2 — 2H T ?. 

Remark. Consider the m = isotropic case for defi- 
niteness. Classically, for large volumes v ~ p 3 / 2 it is 
if 2 ~ v 2 and H ? ~ v 4 / 3 fc 2 , so the classical inequality 

H 2 — 2H r j > can always be satisfied for fc 3> 1 provided 
that i> is large enough. Quantum-mcchanically, one uses 
the boundedness of operator by p cr v 2 (a property inde- 
pendent of the matter content). From Einstein equation 
it follows that H z = H 2 — P£, and hence H g itself is 

bounded in a similar way. Since H z is the Hamiltonian 
of an harmonic oscillator with frequency proportional to 
v 2 / 3 fc, the ground state of this operator has eigenvalue 
proportional to v 2 / 3 k/2. Because of boundedness, such 
frequency must be less then or equal to p CT v 2 for all k. 
This sets a fc-dependent lower bound to the volume, 



v > 



k 



3/4 



(37) 



which semiclassical states of geometry achieve at the 
bounce. We thus see that k can be arbitrarily large: 
the geometry will "react" by concentrating on large vol- 
umes. □ 

From these considerations, it follows that the subspace 
of the kinematical Hilbert space where H 2 — 2H r ? is 

positive-definite is non-empty for all k: restricting to 
such a subspace, we are able to define the square root 
of operator H 2 — 2H T p Therefore, physical states are 
solutions to the Schroedingcr-likc equation 



-ihd T *{T, X,qA = 



Hi - 2H r 



1/2 



*(T,\,qA. (38) 



The space spanned by these solutions is the physical 

Hilbert space "H^ ys of the theory (for the chosen mode 

k). The scalar product on the physical Hilbert space is 
simply 



E 

Al ,A2 ,A3 



dq % *(T ,\,q s )*'(T ,\, qi ). (39) 



If the test field approximation holds, the back-reaction 
of the field <\> is neglected on the homogeneous back- 
ground geometry Therefore, the theory is physically rel- 
evant only when we treat 2H r g as a perturbation to H 2 . 
Using this assumption, we obtain from (|38|) the following 
approximation (for a discussion, see [l[) 



2 Here we are assuming that such extension exists. In case this is 
not true for the operator 0, one should seek an alternative quan- 
tization, such that H% — 2H t g admits a self-adjoint extension. 

In fact, what follows does not rely on the details of operator H . 



-ihd T V(T, A, qA 



H -H 2 H S H 



(40) 
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In the last step we introduced the operator H T j which 
implements the Hamiltonian that generates evolution in 
relational time T. More precisely, at the classical level, 
the Hamiltonian that generates evolution in T can be 
found by considering the lapse function Nt = P^ l N T in 
equation ([27]): it is H T ^ = H T% N T /N T = H T ^ X ps 
H j:H~ l (the last step holding thanks to the test field 
approximation, which at physical level allows us to put 
P T = [Hi - 2H r j) 1 / 2 ps H Q ). At the quantum level, the 

operator H T g in equation (|40[) is a particular quantum 
realization of the classical function H T g. 



IV. EFFECTIVE BIANCHI I GEOMETRY 

In the previous section, we have constructed QFT on 
a Bianchi I quantum background geometry, obtaining 
equation (|40[) as the quantum counterpart of equation 
(|2U|) for QFT on classical space-time. In this section, by 
a comparison between these two dynamical equations, we 
will discuss the relation between the aspects of QFT in 
classical and in quantum geometry. To do this, we shall 
now construct a classical geometry limit of the QFT on 
quantum Bianchi I space-time. 

At the quantum geometry level, equation (|4TJ)) provides 
a quantum evolution equation for the state ^(T, A, qA, 
depending on (the fc-th mode of) the test field <fi and the 
quantum geometry (encoded in A). On the other hand, 
on the classical geometry, ip(T, q^) given in equation (|29p . 
is the evolution of the state of the test field 4> on the 
time-dependent classical background geometry. To com- 
pare the two frameworks, we shall consider the test field 
approximation, that is, we disregard the back-reaction of 
matter on geometry. Thus, we can write the state of the 
system as a tensor product of the state of geometry and 
the state of matter, as the two are disentangled: 



^{T,\q % )=^ {T,\)®^{T,q % ), 



(41) 



where the geometry evolves through _ff G , i.e., —ihdT^o = 
H ^ (see equation (|2"Tj) ); in other words, it is ^ (T, A) — 
e %TH °l h ^ o(0, A). Plugging this in equation (|4"0)) and pro- 
jecting both sides on ^ (T, A), one finds an equation for 
the matter only: 



ihd T ip(T,q^) = - 



+ \p 1 (T)p 2 (T)p 3 (T)\m 2 ) H *>g§| if,(T, q % ), (42) 

where we moved the T-dependence from ^ to the grav- 
itational operators (i.e., we describe the geometry sec- 
tor in Hciscnberg picture); so that, (A(T)) denotes the 
expectation value on the quantum state of geometry 
^0(0, A) of gravitational operator 



A(T) 



iTH„/h£ iTH /h 



(43) 



Equation (|42|) is an evolution equation for (the fc-th 
mode of) a quantum field on an "effective" geometry. Let 
us assume that this geometry is described by a metric 
of the form 



g^daTdx" = —N 2 (T)dT 2 + |jw 3 | V 

~1 Pi 



(44) 



Then, by setting xq — T in equation 



we obtain 



iH3r^(T,q s )=H s (T)^{T,q s ) 



Nt(T) 
2y/\pip2p3\ 



-\p1P2P3\m 2 ) qJ ip(T f q% 



(45) 



which is a classical time-dependent evolution equation 
for (the k-th mode of) the test field with respect to T. 
Now, by comparing ([4"5"j) and (|4"2")l . we find the following 
relations: 



N{T) = {H-^)^\ 



PlP2P3\, 



N(T) 
VW1P2P3 



■P\ 



(H ~ 2 pf(T)H 



N(T)m 2 = m 



2 (H 5 |pi(T)p 2 (T)p 3 (T)|if 



(46) 



(47) 



(48) 



These relations hold only if we ignore the quantum fluc- 
tuations of the geometry, and assume that the underlying 
quantum geometry state ^ is peaked on an effective tra- 
jectory (with expectation values Pt and pi of H a and p,, 
respectively). In cosmological applications, the semiclas- 
sical states \l/ of geometry have very small dispersions 
along the entire effective trajectory, thus, these assump- 
tions are justified. 

Let us consider now the system of equations (|4"7|) 
and (|48|) . There are five equations with four variables, 
Nt and pi, and hence, there exists no general solutions 3 . 
However, considering a massless test field <j>, the last 
equation is identically verified, and the remaining equa- 
tions reduce to a solvable system of four equations with 



3 This of course does not mean that massive scalar fields cannot 
exist on quantum geometry. It simply suggests that there is no 
effective geometry of the form i !44[) that reproduces the equation 
of motion of such a field on the quantum geometry. Moreover, 
note that l|46| l and l|48| l are classically equivalent, so we can ex- 
pect that what follows also applies to the massive case, as long 
as we disregard quantum fluctuations (that is to say, we con- 
sider only semiclassical states of geometry). Nevertheless, for 
definiteness we will set m = in the following. 
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four variables. It turns out that there exists a unique 
solution for Nt and pi given by: 



N(T) = (H- 1 ) 1 /* U(H^p*(T)H^) 



(Ho pf(T)Ho ) 



(49) 



(50) 



(H 



These relations determine the effective space-time (|44[) in 
terms of expectation values of the gravitational operators 
on the quantum geometry state \l/ . It should be noticed 
that the effective metric components (|49p and (f5T)]) do not 
depend on k which indicates that all modes of the field 
"probe" the same effective background geometry, or their 
energy, independently. For this reason we expect that no 
Lorentz-violation is present, and indeed it can be shown 
that there is no quantum gravity effect on the dispersion 
relation for the field <p: we will study this issue in the 
next section. 

To conclude, it is worth mentioning that the effective 
geometry defined in (|4"9")) and comes from the m = 
choice, or more precisely the m <C ||fe|| limit. In this 
limit, equation (|48j) can be disregarded, and one finds the 
presented result. On the other hand, one may consider 
the opposite limit, namely m 3> ||fc||. In this case, the 
three equations in (|4"T)) are to be disregarded, and the 
system is underdetcrminate. However, if one assumes 
that both m and ||fc|| are large, then it is equation (|46|) 
that drops from the system, and one has again a unique 
solution: 



Nn 



\(H 2 \piP2%\Ho 

^ — 1 -~ — 1 

pi = (H 2 \p1p2p3\H0 2 ) 



(Ho 2 p 2 H a 



Jl^Ho 2 P)H 



(51) 



(52) 



As already pointed out in the footnote above, the effec- 
tive metric defined in ([ST]) and (|52l) is classically equiva- 
lent to the one defined in (|4*^)) and ([50)1 . Nevertheless, if 
fluctuations of the semiclassical state of geometry could 
consistently be taken into account, it would seem that 
two different behaviours are to be expected from light 
and heavy particles respectively. 



V. DISPERSION RELATIONS AND LORENTZ 
SYMMETRY 

A prediction of many approaches to quantum gravity 
comes from the study of in vacuo "dispersion relation" . 
This is the relation between the frequency w and the 
wave-vector k of a mode of a field in vacuo. In QFT, the 
dispersion relation links the momentum and the energy 
of quanta, and thus for fundamental fields its form is 



dictated by Lorenz symmetry (namely, by the mass-shell 
constraint). 

Deformed dispersion relations are a rather natural pos- 
sibility in quantum gravity [26l - [28j . requiring a modifi- 
cation of Lorentz symmetry, which is then said to be 
"broken" by quantum gravity effects. If that is the case, 
Lorentz-invariance is only an approximate symmetry of 
the low-energy world. Hence, quantum gravity effects 
could be observed by relying on modified dispersion rela- 
tions for the matter (such as photons or neutrinos) trav- 
eling on a quantum gravitational background. More pre- 
cisely, Planck scale effects are expected to be negligible in 
standard circumstances, but observations of highly ener- 
getic particles traveling long distances may set bounds on 
violation of (standard) Lorentz symmetr. Some of these 
properties may be experimentally detectable in satellite 
facilities (e.g. GLAST or AMS), using as probes light 
from distant astrophysical sources, such as gamma ray 
bursts (GRBs). 

We analyze the form of the effective geometry ob- 
tained in the previous section, addressing the question 
on whether a Lorentz-violation is produced in our model. 
To do this, let us first consider the Hamiltonian of the 
test field on the classical background given by equation 
([2"T|). This equation determines the evolution of modes 
qj: in time coordinate xq. More precisely, for each mode 
k G C, the xo-cvolution of each pair of variables (q^,p^) 
is given by Hamilton equations: 



dxo 



(53) 



where H^ is defined by equation (|A6j) . Using equation 
(|53[) one can get the wave equation for each mode q^ (see 
appendix [A"]) . For the case xq = r, the lapse function is 
N T = \/\piP2P7i\, and we get the wave equation for each 
<?£ (see equation (|A22[) ) as 



dT 2 



0. 



(54) 



where uj t z is the dispersion relation for any mode k, and 
is given by equation (|30p . In particular, for massless field 
we have 



r.k 



i=l 



(55) 



Let us consider now a cosmological observer, whose 4- 
velocity is = (\J—l/gno, 0, 0, 0). This observer defines 
a local orthonormal frame {e^} as follows. First, the 4- 
vclocity fixes the 0th basis vector as = u^; then, we are 
free to orient the 3 spatial basis vectors as we wish - pro- 
vided that they are all normalized and orthogonal to Cq . 
An obvious choice in our case is = (0, \/l/<7ii, 0, 0), 
e£ = (0, 0, v/17^, 0) and e£ = (0, 0, 0, y/tfifa). We can 
write this basis compactly as 



5Z 



a VWa 



(56) 
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where there is no sum over a. Now, if = {u>k, ki,k%, fe) 
is the wave 4- vector of the quantum field, the 4- vector 
seen by the cosmological observer is given by its projec- 
tion on the orthonormal basis: 



K a — kfj,e^ — 



,V — 9oo y/fhi \Jlhfi ^/933 
The observed 3- velocity of the mode is then 
dK 



(57) 



dKi 



gu dujk 

goo dki 



and the norm of this vector, i.e. 
simply 



WW 2 := 



duji 



^ 4^ goo \ dh 



(58) 

n.j\"\ '■ is 

(59) 



This norm corresponds to the speed of the particle as 
measured by the cosmological observer. In the case at 
hand (i.e., for a massless scalar field on classical Bianchi 
I space-time), it is 



i. 



(60) 



As expected, the observed speed of massless particles co- 
incides with the speed of light; this confirms the local 
Lorentz symmetry. 

We can similarly study the case of a massless scalar 
field on the effective geometry The corresponding wave 
equation (|54[) for the effective geometry (j44|) can be fur- 
ther written as (see appendix |A| 



dT 2 



(61) 



where Qr, denotes the modified modes gg, and is defined 
in equation (|A19[) as 



(62) 



'H 



Since equation (|61|) has the form of a harmonic oscillator, 
the quantity £l T z{T) encodes the (modified) dispersion 
relation of the test field on the effective geometry (14"4"1) . 
The modified dispersion relation VL T ^{T) then is given 
by 



-I 



4 



1 dfi 
2dT 



(63) 



where f3 and u;^, arc defined by equations (|A17[) and 
(|AT8)l . read, 



It should be noted that, in principle, Q T g in equation 
(|63p can be imaginary, since in the m = case one can 
make w2 arbitrarily small by choosing small wave- vectors 

k. However, two facts should be taken into account: first, 
the T 3 topology of space introduces an IR cut-off; second, 
if the test field approximation holds, then H~ x commutes 
with the total Hamiltonian, and can then be considered 
constant in T, so that /3 vanishes . 

Substituting equations and (p5|) in equation (|6"3"|) . 
for a massless test field, we get 



[H- l )Y,^i{HoH 2 i {T)H 




Id 2 MH- 1 ) 
2 dT 2 



(66) 



As already pointed out, (H x ) is independent of time T, 
and hence equation (f6"6")l reduces to 

Q 2 Ti (T) = (H-^kUH^fdm^). (67) 



Using equation (|59|) we thus obtain the 3-velocity of 
modes propagating on the effective geometry as 



\V\\'' 



\ ^ yii_ 

^ goo V dki 



n 2 - 

T,k i 

1. 



This equation confirms our expectation that, no Lorentz- 
violation is presented in our model herein. 



VI. CONCLUSIONS AND DISCUSSION 

In this work we considered an improved dynamics LQC 
of Bianchi I setting [23| among the anisotropic class of 
models for a background cosmological quantum space- 
time, coupled with a massless scalar field. We developed 
the QFT of the test field on this background quantum ge- 
ometry by considering a mode decomposition of such test 
field. It was shown that the QFT on this quantum space- 
time can be seen as a QFT on classical curved space-time; 
this background geometry is described by a classical ef- 
fective metric, which can be thought of as emergent from 



dln(H 
dT 



iPih) 2 + \piP2p3\m 2 



4 As for the k = mode of the massless field (for which one has 
v^U H T £ = 0), note that it is not an harmonic oscillator, but rather a 

spatially constant scalar field. We can think of it as the homoge- 
I , neous part of </>, and use it instead of T (indeed, the Klein-Gordon 

V / equation for qo reads d 2 qo/dT 2 = 0, whose solution is linear in 

T). 
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the underlying quantum space-time once a mode of the 
field is coupled to it. It should be emphasized that this 
"effective metric" is of different nature than the usual 
semiclassical metric of LQC effective dynamics (Til [l2l]. 
since it arises from the peculiar procedure we deviced, 
involving the presence of a matter field. Despite high 
expectations, this effective geometry does not depend on 
any specific chosen mode of the test field, and therefore 
there is no Lorentz-violation. To investigate this in more 
details, we analyzed the dispersion relation for the matter 
field propagating on the background space-time; we have 
shown that it defines a speed in vacuo which coincides 
with the speed of light. 

A possible explanation for this could be that we have 
disregarded the back-reaction of the matter on the quan- 
tum geometry, i.e., we have been using the test field ap- 
proximation (|4Tj) . It is possible to lift this approximation, 
by including the back-reaction via a Born-Oppcnhcimer 
(B-O) scheme. However, there are two caveats to this 
procedure: 

• First, if the back- reaction of the mode on geome- 
try is to be accounted, then one should, in princi- 
ple, take into account the back-reaction of every- 
thing else as well. Indeed, there is no reason to 
believe that, the back-reaction of a specific mode 
of the specific field has to be stronger than the oth- 
ers. Thus, by only considering this case, we are in 
essence restricting from QFT to quantum mechan- 
ics of a single harmonic oscillator. The physical 
relevance of this model can then be questioned. 

• In order to apply the B-0 scheme, the "perturba- 
tion" H T g in equation (|4T))) must act on the geom- 
etry sector at most as a multiplication. However, 
this is not the case since H T ? involves H a . To 
circumvent this problem, we might choose a dif- 
ferent relational time: for the choice T — T/Pr 
the right hand side of the equation (|40|) becomes 
H 2 /2 — H c, whereas the "perturbation" H c acts 
only by multiplication on the gravitational part. 
Now, this choice of time is uncommon in LQC, and 
someone might think that the result we got at the 
"test field order" does not hold for T. In appendix 
iBl we will show that this is not the case: even 
by starting with T, when disregarding the back- 
reaction, no Lorentz-violation is present. 

We henceforth sketch the B-0 procedure, bearing in mind 
these two remarks mentioned above, for the simplified 
FRW case (where pi = p = a 2 ). 

Following the ideas of B-0 approximation, by denoting 
the gravitational degrees of freedom as "heavy" and the 
matter degrees of freedom as "light" , one finds that the 
state of the system has the form 

(T , A, q % ) = tt (T, A) ® t/,(T, q % ) + 6*{T, A, q % ), (69) 



where the correction is a non-simple tensor product of 
the two sectors: 



(70) 



Here, if a is the geometry-eigenstate of 0/2 with eigen- 
value E° , and Xi 1S the matter-eigenstate of H t with 
eigenvalue (p) . The explicit form of the coefficients f a i 
is given by 



fai ■= cph 



(^hffi)|^) 

E°-E° 



(71) 



where c a and hi are the coefficients of the expansions of 
ty on {</Jq}, and of ip on {x^}, respectively (so they are 
fixed by the Oth order) . Note that H g acts on matter 
as the Hamiltonian of an harmonic oscillator with square 
frequency k 2 p 2 , so its eigenvalues are linear in k, and thus 

fai k. 

From equation (|69j) it is hard to extract a dynamical 
equation for the matter only, since it is entangled with 
the geometry. Thus, we "force" the state to be again of 
the disentangled form: ^ = [\!> + <$\I/i] (g>^, where 8^1 = 
J2 a i faifof Pl u gg m g this new state into the constraint 
equation 



H r 

T.K 



(72) 



and projecting on (we may assume the correction 
to be orthogonal to ^ ), one finds a Shroedingcr- 
like equation for ip only: 



-h 2 (l + a)^L + k 2 (p 2 )(l + a) q l 



(73) 



Here, as before, (A) := (V \A(T)\& ) , and a is really an 
operator acting on matter; notice that, if we assume ip to 
be (at least approximately) an eigenstate of a, then we 
can think of a as a number 5 . Since a is proportional to 
f a i, its dependence on k is linear, and thus we can write 
equation ([75)1 as 



ihdfip = 



-s 2 (i + ^)-^ + fc 2 (p 2 )(i +£%f 
dq k 



(74) 



where we introduced £ to make explicit the linear depen- 
dence of a on k . The number £ has dimensions of length 



5 Formally, a is given by 

a={* \H Ti \* )- 1 {V \H T% \6<B 1 }. 
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(inverse of k), and is to be computed from a once the 
eigenequations for 9 and H ? have been solved. 

Comparing equation ([74| with equation (|45|) in the 
same way as done for the 0th order (i.e., in the test field 
approximation case), one is led to an effective metric that 
indeed depends on k: 

g^dx^dx" = - (1 + ££;) V) 3/2 df 2 

+ v/py (dx 2 + dy 2 + dz 2 ) . (75) 

Moreover, by carrying out the dispersion relation analysis 
for equation (f74]) in the metric (f75j) . it is easy to check 
that the speed of the quanta with energy proportional to 
k as measured by a cosmological observer is at 1st order 
in £ 

W\\ = l + \ik. (76) 

Thus, even though the above computation involved nu- 
merous approximations and assumptions, a prediction of 
Lorentz-violation is obtained, where the speed of par- 
ticles deviates linearly from the standard value c = 1. 
Recent GRB observations [29[ have probed linear devia- 
tions up to energies of order 10 7 J, observing no Lorentz- 
violation. This value is just two orders of magnitude 
away from the plank scale (-Epi ss 10 9 J), at which quan- 
tum gravity is supposed to become important. This 
would correspond in our case to £ f=a £p\. Hence, there is 
the concrete possibility that next generation of GRB ob- 
servations be able to check our "prediction" . Of course, if 
the prediction is disproved, this does not mean that LQG 
(or LQC) is wrong: we have used many approximations 
to get to equation ([76"]) . and many of them could be not 
completely justified in the gravitational context. The re- 
sult (|T6"|) should thus be regarded as an indication, rather 
than a real prediction (especially in light of the fact that 
we are considering a quantum mechanical model, not the 
complete QFT, as explained in the first caveat above). 

Another source of doubt comes from the following con- 
sideration: on one hand, we know that back-reaction of 
matter on classical geometry does not induce Lorentz- 
violation; on the other, from the very definition of the 
problem we have that £ accounts for both the classi- 
cal and the quantum part of the back-reaction (formally, 
£ = £c + £q)- Thus, it would be more appropriate if 
only £q appeared in (|76[) . A possible way out of this 
probem lies in the observation that, while equation (|74[) 
is obtained from the 1st order in the back-reaction on 
quantum geometry, equation (|45|) comes from an effec- 
tive metric of the non-back-reacted Bianchi I type. 
Thus, the comparison of the two (which leads to (f75)) 
and ultimately to (fT6"| ) is not completely justified. It 
would be more consistent to compare (|T4[) with the dy- 
namical equation of an harmonic oscillator on an effective 

metric g^J obtained as follows: take the harmonic ocilla- 
tor (with fc-dependent frequency) on the FRW "vacuum" 
g M „, and evaluate its energy-momentum tensor (T^); 



plug this into Einstein equation, and solve for the met- 
ric. This produces a classical metric gjS which "knows" 
about the matter (at 1st order), i.e., it takes into ac- 
count the 1st order modification to classical gcomtery 
due to the presence of the harmonic oscillator. One can 

— (k) 

then consider a generic effective metric g^J of the kinc- 

matical family of gjS , and find the dynamical equation 
for an harmonic oscillator on such an effective geometry. 
This is the equation to be compared with f|74[) in order 
to single out the "quantum part" of the back-reaction, 
£q. Despite being an extremely complicate procedure, 
there is a change that the form of (f?6"|) will not be al- 
tered much (possibly, only by the replacement of £ with 
£q), and in the worst case scenario a functionally more 
complicate fc-dependence should appear in ||V||, so that 
Lorentz symmetry is in fact broken. 

It should be noted that we never used the explicit form 
of H : it follows that this analysis can be applied to all 
quantum cosmologies which, absent matter, describe the 
state of geometry by a wave- function ^S> evolving through 
H a . Also, we would like to remark that this Lorentz de- 
viation does not come from the discrete nature of the 
quantum space-time: if we describe quantum gravity on 
a fixed graph, then it is not a surprise that Lorentz sym- 
metry is broken, because from the point of view of matter 
propagation only certain modes are normal with respect 
to the given space-time "crystal" [3(J. On the contrary, 
we never invoked any feature of the Planck-scale space- 
time. Our only request is that it makes sense to consider 
only a limited number of gravitational degrees of free- 
dom (in FRW case, just the scale factor). While this is 
of course a strong approximation, it does not involve any 
assertion on the microscopic discreteness of space-time. 

Aside from this last indication of Lorentz-violation at 
1st order in back-reaction, we still have much to say. We 
proved that at 0th order no symmetry-breaking is present 
in the Bianchi I case, thus extending the result of [l[. 
Also, while the search for symmetry-breaking was our 
driving force, we exposed the first steps toward quantum 
field theory on quantum Bianchi I space-times. This is a 
result useful and interesting in its own right, and worth 
to be refined (in particular, more work should be done to 
be able to consider an infinite number of modes) . It is to 
be said that developments in this direction are expected 
from the study of quantum perturbations (34|, which is 
an area of growing interest in the LQC community. 

These are the first nontrivial findings about Lorentz- 
invariance in LQC, and a first step to understand it in 
full LQG. Previous attempts to study Lorentz-invariancc 
in LQG have been done, but none of them attacked 
the problem from the indirect perspective we adopted: 
namely, via an effective "classical" metric that repro- 
duces the same results as the semiclassical approximation 
of the underlying quantum theory of geometry. We would 
like to focus the attention on the issue of Lorentz sym- 
metry, which has not been clarified yet in the complete 
theory. Our result proves that no violation is present in 
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Bianchi I case (at least when back-reaction can be disre- 
garded) , and a linear deviation could be present once the 
back-reaction is taken into account. However, such find- 
ings do not solve the problem. In this search, the tools of 
"effective metric" and dispersion relation analysis can be 
used for more realistic cases of matter coupling (such as 
the electromagnetic field). We hope this work will trig- 
ger the question of Lorentz-invariance in LQG, as this 
approach to quantum gravity does not yet give a defini- 
tive statement. Such a statement could be in principle 
used to falsify the theory, especi ally considering the great 
effort on the observational side |26l - t29j . We would like to 
know where LQG stands in this context. Of course more 
work is needed, and we hope to start a discussion in this 
direction within the LQG/LQC community. 
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Appendix A: Mode Decomposition 



Let us consider a decomposition of and ir^ as 



A (4> 



■A 2 ) 



(Al) 



Since the reality conditions are satisfied, not all variables 
in (jAip are independent. In particular, we have 



(1 > 


=4". 




J- 2 ) 














(1) 


-4". 


—k 


. 


(A2) 



Because there exist relations between the "positive" and 
"negative" modes k and —k, one can split the lattice C 



into positive and negative parts: 

C+ = {fc : k 3 > 0} U {fc : k 3 = 0, k 2 > 0} 

U {fc : k 3 = k 2 = 0,fci > 0}, 
C- = {fc : fc 3 < 0} U {fc : fc 3 = 0, k 2 < 0} 

U {fc : k 3 = k 2 = 0,fci < 0}. (A3) 

Observe that, if k £ C+, then — k G C-. Using this 
fact, we are now able to split the summation in the 
Hamiltonian (|26[) into its positive and negative parts as 
= Hf + . In H7 , we change the dummy index 

k into — fc, so that we can convert its sum from J2-kec 

to X)fce£ j the same as the sum in . Thus, we get 



H<t,{x ) = ^ E 




= 1,2 V\PlP2P3 

E^) 2 + \P1P2Ps\m 2 ) ((4 CT) ) 2 + (<^) 



3 



1 



E E 



(tt^) 2 

y k ' 



E(^ fci ) 2 + \pip2p3\m 2 



\i=l 



(A4) 



in which we have used equation (|A1|) in the second step, 
and equation (| A2|) in the third step. In the final expres- 
sion all the modes are independent, so this is really a 
collection of independent harmonic oscillators. We can 
do even better if we think of a as the "sign" of fc. In 
this way we can combine the sums X)fc<=£ + an d J2a=i 2 
into a single one: I n terms of these variables, the 

Hamiltonian (IA4I) has the form 



(A5) 



kec 



where HAxq) is given by 



H k = 



^V\plP2P3\ 



Pk 



E(P' fct ) 2 + \P1P2P3\m 2 qi 



(A6) 



and we defined the following real variables: 
if k e £+ 

> Pk'~ 



n { } } if fc e £ H 



k( 2 



ft; 



ir {2) r if fc e C. 

— k 



(A7) 
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Using the relation ftp} — % _p together with equa- 
tion (|A1[) . it then follows 

^f^%} = 5%%n {*?>,*%} = -6&- (A8) 



k ' -fe' 



So that, we can compute {gg,7rg ( } as follows: For all 
k, k! £ £+ we get, 

fe^J = {4 1) 1 7rg ) } = {4 1) l7 r«} = ^ ; (A9) 
for all k £ £ + , and fc' G we have 

fe^}={4 1) ' 7r S>= ' ( A1 °) 

for all k £ £_, and k' £ C+ we have, 

{q U ,np} = {^l,^} = 0; (All) 
and finally, for all fc, A;' g £_ we get 

We then conclude that q^ and p^ are canonically conju- 
gates: 



(A13) 



Therefore, each pair (q^,Pj^) describes a harmonic oscil- 
lator, decoupled from all others and evolving according 
to TJg(xo) defined in equation (|A6j) . 

From this knowledge, we can go back and reconstruct 
the equation of motion for q^. From Hamilton equations 



d % _r rr 1 _ 



y/\piP2P3 



■Pi 



ax \/\PiP2P3\ 



J2^ k ^ + biP2P 3 |m 2 ] q % , (A14) 



one gets 



d 2 qj: d ( N. 



dx o dx Q \V\ptp2p~3\ 



N X0 dp z 

Pk 



d ln I N X0 



y/\pip~2pli\ dxo 

dqr N 2 



dx \y/\piP2P3\ J dx \PlP2P3\ 

x (j2(pih) 2 + \piP2P3\m 2 ^j q s . (A15) 
For simplicity, we rewrite equation (|A15[) as 



d q? dqr 
dxg dxo 



(A16) 



where the time-dependent parameters /3(xo) and ujj:(xo) 
are given by 



ax \^\pip 2 P3\J 
N 2 



\P1P2P3,\ 



^2(Piki) 2 + \p1P2P3\l 



(A17) 



(A18) 



In order to get the dispersion relation for mode fe, it 
is better to write the equation (|A16[) in its normal form. 
To do this, let us consider a new variable Qp. 

Qk ■■= <?£ ex P U f° PWoW^j ■ (A19) 

With this new variable, equation (|A16[) can be rewritten 
as 



d2 Qi 



-dxf + n l Q Z = °> 



where f2| is given by 



* \ * 4 2dx 



(A20) 



(A21) 



In the case of harmonic time xo = t, P = (since 
JV I0 = \/\piP2P3\), and equation (|A20[) reduces to 



with 



T.k 



d 2 q r 9 



^{Pih) 2 + \pip 2 p3\i 

i=l 



(A22) 



(A23) 



Appendix B: A different Choice of Time 

It could be argued that the main result of our work 
(namely, the independence of the effective metric on the 
field mode) is due to the approximations was taken herein 
(cf. section HV]) . For this reason, we here summarize such 
approximations: 

• The expansion of the square root in the equation 
(|38j) to get equation (|40|) . 

• The test field approximation ^(T, A, qs) = 

\E' (T, A) <g) tp(T,qr), that is, the assumption that 
back-reaction can be disregarded. 



As discussed in section IVIl a possible way to lift the sec- 
ond approximation is to make use of B-0 scheme. How- 
ever, to do so one needs to choose a different relational 
time. If this can seem awkward at first glance, one should 
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remember that time in general relativity is simply a gauge 
parameter. Moreover, with the choice 



T 



T 



(Bl) 



we find again the same result as above, thus making it 
more robust. Incidentally, this choice also lifts the first 
approximation, that is, the square root in equation (|38[) 
disappears. 

The new relational time parameter T is again a good 
parameter for the gauge flow of C . Indeed, the conjugate 
momentum of T is Pf — Pj-/2, so we have 



p2 

C T = ff=P f , 



(B2) 



and hence dT/dr = 1, and dPf/dr = 0, from which it 
follows that in fact 



T = T. 

The lapse function of T is then 



Nf = N T = y/\p lP 2P3\, 

so that, instead of equation (|17p we have 



g tlu dx^dx v = \p\p2Pz\ 



-dT z 



E 



(dx 



,i\2 



P7 



(B3) 



(B4) 



(B5) 



Quantization of the geometrical part is then on the lines 
of the T-case: one promotes T and Pf to operators, but 
this time in C goo only a first derivative in T appears. 
Physical states are thus those $ (T, A) <S Ht ® % gr that 
verify the Schroedinger-like equation 

-ihdf * (T, A) = ^6* (T, A). (B6) 

For the QFT on quantum geometry, we consider the full 
Hamiltonian constraint for mode k of the matter field cj) 
and harmonic time r: 



(B7) 



where H g acts on both gravitational and matter degrees 
of freedom, and is explicitly given by (for massless scalar 



field) 



H r$ - 2 



(B8) 



Physical states are hence those ^(T, A, qt) that solve the 
Schroedinger-like equation 



-ihBf*{T,\,q % ) 



e 



2H r 



2H t 

T.K 



*(f,A,^). (B9) 



Note the difference with the T-case: here we do not have 
any square root on the r.h.s. Since classically H g = 

Hj, t, one can write H g = Hf g. Approximating again 
the state as the disentangled tensor product of geometry 
and matter (where now ^> obeys —ihdf^ = ^H^ ), 
and projecting on we find a Schroedinger-like equa- 
tion for tp(T, qr): 



ihdfip = — 



3 



q k 



tp. (BIO) 



By the comparison with the equation obtained for ip in 
the case of an effective classical geometry g M „, we 
read off the effective terms: 



V\PlP2P3\ 



1, fi = @(T)). 



(Bll) 



Therefore, the effective geometry probed by the mode k 
of the field d> is obtained as 



g^vdx^dx 11 



\(pI(t))(pKt))(p 2 3 (t))\ 

(dx 1 ) 2 



-dT 2 +Y, 



(P?CT)> 



(B12) 



Once again, g^ v does not depend on the mode k: even 
with this choice of time, which allows to lift the square 
root approximation and to push the analysis to the in- 
clusion of back-reaction, we see no violation of Lorcntz 
symmetry at the test field order. 
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